Equations
In the paper ( [2] ), dedicated to the memory of Guido Stampacchia, I improved some of his results (see [7] ) concerning the Dirichlet problem
Here Ω is a bounded, open subset of R N , N > 2,
and M (x) is a bounded and measurable matrix such that
To be more precise, in [2] is proved the existence of u weak solution belonging to W
("Calderon-Zygmund" theory); (5) where
). Note that the above existence results are exactly the results proved with E = 0 in [7] and [5] . The starting point is a nonlinear approach to a linear noncoercive problem.
Then, in a more recent paper ( [3] ), dedicated to Thierry Gallouet, differential problems with vector fields E which do not belong to (L N (Ω)) N are considered. The first step is the study of the boundary value problem (1) if the main assumption of [2] is not satisfied and we assume
which is slightly weaker than (2) .
An important feature on E is that we do not make any assumption on the divergence of the field E.
The most important aim (both for the importance and the difficulty) is the study of the case E ∈ (L 2 (Ω)) N (see also Remark 2.2), where a key point is the definition of solution. It is possible to give a meaning to solution for problem (1) , using the concept of entropy solutions introduced in [1] . In order to use the functional framework of [1] an important point is the observation that even u does not belong to W 1,2 0 (Ω), where u is a solution, nevertheless T k (u)
where T k is the truncature at levels ±k and C(k) is an unbounded function of k. To be more precise, we have α
and
where S is the Sobolev constant. Then an important case is (equations with lower order terms) the following boundary value problem
and we prove the existence simple, but important estimate
which is very useful in the applications.
Systems
The situation is even more unusual if we study systems of two equations: the functions u =
are unbounded solution of the system
where the data 2(N + 1) and 5N − 4 are bounded (ed even constant). Then one of the existence theorems concerning systems (the existence result uses a duality method in a nonlinear problem) is the following one.
Theorem 2.1 (Entropy-weak solutions)
Assume that the matrix M is symmetric and satisfies the ellipticity and boundedness assumption (4) and that the matrix A is bounded and
Then there exist an entropy solution u ≥ 0 and a weak solution z ≥ 0, which belongs to W 1,2 0 (Ω), of the following system
Furthermore, depending on the summability of f (x), u belongs respectively to
Remark 2.2 Note that A(x)∇z in the first equation of (13) plays the role of E in (1) and, in general, A(x)∇z does not belong to L N , but only belongs to L 2 .
Then, in a joint (with Luigi Orsina and Alessio Porretta) work 1 in progress we study existence of solutions for the following elliptic problem, related to mean field games systems:
where p > 0, 0 < θ < 1, and f ≥ 0 is a function in some Lebesgue space.
1 inspired by a talk by Italo Capuzzo Dolcetta
